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Inequalities for the normalized determinant of
positive operators in Hilbert spaces via some
inequalities in terms of Kantorovich ratio

SILVESTRU SEVER DRAGOMIR

ABsTRACT. For positive invertible operators A on a Hilbert space H
and a fixed unit vector x € H, define the normalized determinant by
Ay (A) := exp (In Az, z). In this paper we prove among others that, if
0<mlI<A<MI, then

[3- 3= ([A= 3 (mt 20 1[o 2)]
x
m

AL (A)

S T M-—(Aew) (Avay—m
m~ M-m M—m
(343 (- 3 om ]2
<[<()] < ()
m m
for x € H, ||z|| = 1, where K(-) is Kantorovich’s ratio.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space
H, and I stands for the identity operator on H. An operator A in B(H)
is said to be positive (in symbol: A > 0) if (Az,xz) > 0 for all z € H. In
particular, A > 0 means that A is positive and invertible. For a pair A, B
of selfadjoint operators the order relation A > B means as usual that A— B
is positive.

In 1998, Fujii et al. [1,2], introduced the normalized determinant Ay(A)
for positive invertible operators A on a Hilbert space H and a fixed unit
vector € H, namely |[z|| = 1, defined by A;(A) := exp (In Az, x) and
discussed it as a continuous geometric mean and observed some inequalities
around the determinant from this point of view.

Some of the fundamental properties of normalized determinant are as
follows, [1].
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For each unit vector « € H, see also [5], we have:
(i) continuity:
the map A — A,(A) is norm continuous;
(i) bounds:
(A, 2) " < AL(A) < (Ax, z) ;
(iii) continuous mean:
(AP, 2)MP | AL (A) for p L 0,
(AP, 2)'/P 1 AL (A) for p 1 0;
(iv) power equality:
A (A" = A (A), for all t > 0;
(v) homogeneity:

Baltd) = i8a(4). for all ¢ > 0;
A (tD) =1, ’
(vi) monotonicity:
0<A<B implies Ay (A) < AL(B);
(vii) multiplicativity:
AL (AB) = Az (A)A4(B) for commuting A and B;
(viii) Ky Fan type inequality:

Ay((1—a)A+aB) > A (A" *AL(B)*, for0<a<l1.

We define the logarithmic mean of two positive numbers a, b by
b—a

L(a,b) :={ Inb—1Ina’

a, if b=a.

if b #£ a;

In [1] the authors obtained the following additive reverse inequality for
the operator A which satisfies the condition 0 < mI < A < MI, where
m, M are positive numbers,

0 < (Az,x) — AL (A)

(1) MInm —mlnM
<L M) |InL M -1
< L0m, M) [ (m, M) + ST ,

forall x € H, ||z]| = 1.
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The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1],
then

(2) a7 < (1—-v)a+uvb

with equality if and only if @ = b. The inequality (2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [7]

hhr—1
, if he (0,1)U(1,00);
(3) S(h):={ eln (hhil)
1, if h=1.

It is well known that lim,_,1 S (k) =1, S(h) =S (3) > 1 for h >0, h # 1.
The function is decreasing on (0,1) and increasing on (1, 00) .

In [2], the authors obtained the following multiplicative reverse inequality
as well

(1) 1< X‘”}jﬁ <s (%)

forO<mI<A<MIandzecH, |z| =1
Since 0 < M~ < A= <m™'I, then by (4) for A=! we get

s () -5 () ) -5 ()

which is equivalent to

(5) 1<AI(A>§S<M)7

T (Al z) ! m

forx € H, ||z]| = 1.
We consider the Kantorovich’s ratio defined by

(h+1)?
4h

The function K is decreasing on (0,1) and increasing on [1,00), K(h) > 1
for any h > 0 and K(h) = K (%) for any h > 0.

The following multiplicative refinement and reverse of Young inequality
in terms of Kantorovich’s constant holds
(7)  (a"P¥) < K" (%) a7 < (1—v)a+vb< KR (%) a vy,
where a,b > 0, v € [0,1], r = min {1 — v,v} and R = max{1 — v, v}.

The first inequality in (7) was obtained by Zou et al. in [9] and the second
by Liao et al. [6].

(6) K (h) = . h>0.
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2. MAIN RESULTS

Our first main result is as follows.

Theorem 1. If0 <ml < A< MI for positive numbers m, M, then

1 1 1
M 3= 35 (A3 (m4 A |.a)]
1<K|—
Az (A)
— M—(Az,z) (Az,x)—m

m~ M-m )N M-m

IN

[K <M>][§+M1,R<IA—§(7"+M)I

m

e

forxz e H, ||z]| = 1.

Proof. Assume that ¢ € [m, M] and consider v = {72 € [0, 1]. Then

H1in{1—1/,1/}:§_1/_§ 5= |3
:;_Mimk_;m+M%
ERENTRRIE
:;+M1_m‘t—(m+M) ,
(1_V)m+uM:AAj:; ]\tJ_—n:nM:t’

for t € [m, M].
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By taking the log in (9) we get

(10) ]\]\j__; Inm + M_”:n In M
2o - 2 oo (2)
+J\]\j:;1nm+M_m1nM
Slntﬁ[l—i-Ml_ ‘t—;(m—i—M)Han<ATZ>
+]\]\44_ lnm—i—]\t/[_mlnM
<an<M> +Aj\f__t Inm + ]\t/j__w:nlnM
for t € [m, M].

If 0 < mI < A< MI, then by using the continuous functional calculus
for selfadjoint operators we get from (10) that

lan—FlnMA_mI
M —m -m
o i ()
+lnmw+lnM§4__n;f
<InA< [;I+M1—m’A_;(m+M>I‘] an(J\Wf)
+lnm%+lnM?\lf__nZ
<InK (%) I+lnm%+lnM§\Z__ﬂ:§,

which is equivalent to
Az, x) —m

M — (Az, ) (
M —m +InM 7

<mr (2[5 57 QA_lmHm@zx

Inm

mj)|2 M-m 2

M — (Az, x) (Az,x) —m
e M
< (ln Az, z)

M 1 1 1
<InK|[|— — A— = M) T
<In (m) [2+M—m<‘ 2(m—l— V| x

)

)
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M B <A$,(E> <A$,£L’> —m
om == M
SIHK<M>+1nm]\4_<I4:L":L‘> lnM<Ax’x>_m7
m -—m M —m

forx € H, ||z]| = 1.

This inequality can also be written as

M—(Az,x) (Az,z)—m
(11) In <m M=m— M M-m )
(3 a7 (A B2 o)
sule G
m

M—(Az,z) (Az,x)—m
+1In (m M=m M M-m )
< (ln Az, )

<In [K (Mﬂ [5+ 35w (| A= s (mt M) I |a.7)

m

M—(Az,z) (Az,z)—m
+In{m M-m M M-m

M M—(Az,x) (Az,x)—m
<InK|—)4+In{m M-»n M M-m ,
m

forx € H, ||z]| = 1.

If we take the exponential in (11), then we get

M—(Az,x) (Az,z)—m
m M-m M M—-m

M—(Az,z) (Az,z)—m M [%—ﬁﬂA—%(m—f—M)]’x,x)]
(o4

< exp (In Az, x)

M—(Az,x) (Az,z)—m M [%+M£m<‘A_%(m+M)I‘x’x>]
(e (2)

M—(Az,x) (Az,z)—m M
m

and the inequality (8) is proved.
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Corollary 1. With the assumption of Theorem 1, we have the alternative
mequality

12 1<k (M -t (AT =3 (M 4 e)
o ()
m_17<A_lz,z> <A_lz,z>7]\4_1
M mI1-mM—T1T 4 m-I-m-1

- A.(A)
(M)] [3+ ety (A 3 ()]

[«

(2
m

forx e H, ||z|| =1.

Proof. If we write the inequality for A~! that satisfies the condition
0< M I <A ' <m™'I, then

m~! [éfm<|A_1*%(M_1+m‘1)l|x,m)]
<x(22)
A (AT
< m—1_(A—1zz) (A Tww) 211

M  mI-M—T g mI-m-1

[K <m_l >] (34 == (A =3 (M ) |z,a)

namely

<M> [ et (A - (= ) )]

1<K
m
- [Aa(A)] "
— m—l—(A=1lzz) (A-lga)-Mm—1 -1
<M m—I-M—1 i m-I-m-1 >
<k (M (34 =rty=r (A -3 (M m ) [o,a)
<[« ()
< (),
m

which is equivalent to the desired result (12). O
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Corollary 2. If 0 <mlI < A and B < M1 for positive numbers m and M,

©(A,B,m,M,x),

if (B—A)z,x)#0;

then
11&11_1 M]\l/l_m
mM—m i
13 M " O (A, B,m, M,z
) In (%) ( )
1
§/ Ay((1—t) A+tB)dt
0
M pre=r MAl[m
<K <> AT M
m) I (5)
where
(M)W 1
©(A,B,m,M,z) := % )
1,

forxz e H, ||z]| = 1.

Proof. From (12) we get

if {(B—A)z,z) =0,

{((1—=t)A+tB]z,z)—m

M—{([(1—t)A+tB|z,x)
M

—m

m

<AL((1—t)A+tB)

M—-m

([((1—t)A+tB]z,z)—m

m

M M—([(1—t) A+tB]z,z)
<K () m M—m M

for t € [0,1].

M—m

If we take the integral over ¢ € [0, 1], then we get

B

Jz,z)—m

1 M—{[(1—t)A+tB]z,z)
(14) m M=m M
0

1
< /O A((1—t) A+tB)dt

{((1—t)A+t
M —

m

dt

((1—t)A+tBlz,z)—m

M L M—(a-HA+tBlaa)
<K|— / m M—m M
m 0

M—m
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Observe that

—([((1—t)A+tB]z,x) ((A1—=t)A+tBlz,z)—m
m M—m M M—m dt

((A-t)A+tBlz,x)

M M—m
= mMMmMM m ( ) dt
m

¢ (B=A)z,x)

M M m T M-m
-t (D))
(B A)a)
M—1
. e < ) .
Since for a > 0,a# 1 and b € ]R, we have
1 b
/ adx = a4 1,
0 blna
then for (B — A)z,z) #0
D KA ) 0 (EER T .
G e
and by (14) we derive (13). O

3. RELATED RESULTS

We also have.

Theorem 2. With the assumption of Theorem 1, we get

; - In M+1Inm
M L e | (In Az z) — I Mnm |
15 1< | (2
" <|x (%))

In M —(In Az,x) (In Az,z)—Inm
< In M—Inm m+ In M—Inm M

AL (A)

[ < >] 3+ T | (I Az,z)—
< (%)

forx e H, ||z|]| = 1.

In M+Inm ’
2

IN
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Proof. Assume that m!'™M" = exps, then s = (1 —v)lnm +vInM €
[lnm, In M], which gives that

B s—Inm
V= InM—Ilnm’

Also
in {1 - 1 1 InM +Inm
i VI =g InM —Inm y 2 ’
1 1 InM+1nm
1-— = — — .
max { viv} 2+lnM—lnm‘S 2 ‘

From (7) we have

1 1 In M+Inm
M E_lnM—lnm|s_ 2
exps < exps [K <>]
m
< InM —s . s—Inm
- lnM—lnmm InM —Inm

lnM+1nm|
2

1 1
M SRS Ty e el Lo
m

M 3~ e |9
= (G))
m

In M—s s—Ilnm
lanlnmm + lanlan

exp s

namely

In M+Ilnm
2

<

In M+Inm
2

1 1
M ERa Ty 7ol i
m
for s € [lnm,In M].

fO0<m<A<MandzeH, ||z| =1, then Inm < (InAz,z) <InM
and for s = (In Az, z), we deduce

IN

In M+1Inm

1 1
§_ln1tl—lnm|<1nAx’x>_ 2

m

In M —(In Az,x) (In Az, x)—Inm
InM—Inm m+ In M—Inm M

exp (In Az, x)

1 1 In M+Inm

[ <M>:|2+ln]vf—lnm’<lnA$’x>_ 2 |

K({— ,
m

<

IN

and the inequality (15) is proved. O
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Corollary 3. With the assumption of Theorem 1, we have

2 InM— 1nm| 1nAQZ,.’£>7W’
o as[e()]
= ((nA In In M—(InAz,z) 1\ %
( anx\/[xlnmmM 1 ln]\4<—lnf:’bx>m 1)

3~ T T | (I Azz) 4 AR | M
S é K — )
m

forz e H, ||z]| = 1.
Proof. If we write the inequality (15) for A~! that satisfies the condition
0< M~ <A ' <m I, then we obtain

1 1 -1 mm = ymam—t

1 2 Inm—1—InM 1‘< > 2
m v

lnm’1—<lnA’1 <lnA’1x,x>—ln M1 1

a:,x> M—l +

< Inm—1—-lnM-1 mm-1—m-1 ™
B Ay (A1)
nm_ nMm—1
m~! %+m‘<lnA_lm,x>f#’ -
S K M—l S M M_l 7
namely
1 L In m+In M
M 3 — s | (In Az,z) — emtin M|
m
(In Az,z)—Inm 5 r—1 InM—(InAz,z) _1
< "o mm Mt T am ™
B AL (A1)
L L In m+ln M
M S+ s | (In Az,z) — emtln M| M
m m
for & € H, [lo] = 1.
This proves (16). 5

4. CONCLUSION

In this paper, we obtained between others, various upper and lower bounds
for the normalized determinant A,;(A) under the natural assumption that
0 <mlI < A < MI for some positive numbers m, M. These bounds are
expressed in terms of the Kantorovich’s ratio defined by

(h+1)2

K (h) := m

. h>0.
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